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It is well known that quantum spin Hall (QSH) edge modes being helical are immune to backscattering due to
non-magnetic disorder within the sample. Thus, quantum spin Hall edge modes are non-localized and show a
vanishing Hall resistance along with quantized 2-terminal, longitudinal and non-local resistances even in pres-
ence of sample disorder. However, this is not the case for contact disorder. This paper shows that when all
contacts are disordered in a N-terminal quantum spin Hall sample, then transport via these helical QSH edge
modes can have a significant localization correction. All the resistances in a N-terminal quantum spin Hall sample
deviate from their values derived while neglecting the phase acquired at disordered contacts, and this deviation is
called the quantum localization correction. This correction term increases with the increase of disorderedness of
contacts but decreases with the increase in number of contacts in a N terminal sample. The presence of inelastic
scattering, however, can completely destroy the quantum localization correction.
I. INTRODUCTION
The quantum spin Hall effect observed in a 2D topological in-
sulator is known for transport via dissipation-less helical 1D
edge modes. These 1D helical edge modes are robust to sam-
ple disorder and are observed in systems like HgTe/CdTe het-
erostructures at low temperatures, due to bulk spin orbit effects
and in absence of a magnetic field [1–3]. QSH edge modes are
helical, i.e., at the upper edge a spin-up electron moves in one
direction while spin-down electron moves in opposite direction
while at the lower edge the directions are reversed, see Fig. 1.
Thus, quantum spin Hall systems are invariant under time re-
versal symmetry. Due to the topological nature of these edge
modes, the Hall resistance vanishes, while the 2-terminal, lon-
gitudinal and non-local resistances are quantized at 32
h
2e2 ,
1
2
h
2e2
and 16
h
2e2 respectively in a six terminal ideal QSH sample (with-
out any disordered contacts). The Hall, longitudinal, 2-terminal
and non-local conductances/resistances are determined by re-
sorting to the Landauer-Buttiker(L-B) theory[5, 6]. In this for-
malism, for a QSH device with N contacts, the current at con-
tact i at zero temperature is[5–7]:
Ii =
e2
h
N
∑
j=1
j 6=i
∑
σ,σ′
[Tσσ
′
ji Vi−Tσσ
′
i j Vj],with T
σσ′
i j = Tr[s
σσ′†
i j s
σσ′
i j ],
(1)
V1 V2
Figure 1. Helical QSH edge modes are immune to sample disorder.
where Tσσ
′
i j is the transmission probability for an electronic
edge mode from contact j to contact i with initial spin σ′ to final
∗ colin.nano@gmail.com
spin σ,Vi being the voltage bias applied at contact i, while sσσ
′
i j
are the elements of the scattering matrix S of the N-terminal
sample.
II. MOTIVATION
In quantum diffusive transport regime, localization of electronic
states is well known [4, 5], the resistance of a sample in-
creases exponentially with sample length (l) for l > ξ (ξ be-
ing localization length) [5]. This is known as strong or Ander-
son localization[12, 13]. On the other hand, when the sample
length l ≤ ξ, the system shows an unique property: the re-
sistance increases from the Ohmic result by universal factor
h/2e2. This increase by the universal factor h/2e2 is called as
weak localization correction. The QSH edge modes, as shown
in Fig. 1, are immune to backscattering, e.g., if there is disor-
der in the sample (see, Fig. 1), edge modes will move around
the disorder without their transmission probabilities getting af-
fected due to topological protection. In this work we however
predict that, if a contact is disordered, i.e., can reflect edge
modes partially then a “quantum” localization correction can
arise for edge modes too but only when all contacts are disor-
dered. What happens is backscattering of the electrons within
the sample takes place when all contacts are disordered and
thus multiple paths are generated from one contact to another.
As a result, the transmission probabilities and resistances be-
come dependent on the disorderedness of contacts. How-
ever, it should noted that this quantum localization observed
for QSH edge modes is different from the weak localization
correction seen in context of quantum diffusive transport. In
quantum diffusive transport regime, the weak localization cor-
rection is universal (h/2e2), while in our case, the correction
due to localization as will be discussed in more detail in sec-
tions III and IV, depends on the strength of disorder at con-
tacts and on the number of contacts. Further, this quantum
localization correction is present only when all contacts are
disordered, see Fig. 2(a). In Fig. 2(a), aσi and b
σ
i refer to the
incoming and outgoing edge states respectively from sample
to contact i with σ being the spin index for that edge state.
In Fig. 2(a), we see that a spin up electron in the a↑1 edge
state at contact 1 can either transmit into the sample with
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Figure 2. (a) Pictorial representation to explain the origin of quantum
localization correction when all contacts are disordered in a 4T QSH
sample. (b) Absence of quantum localization correction in a 4T QSH
sample when only 3 of the 4 contacts are disordered.
probability T1 or reflect back again to contact 1 with proba-
bility R1. After entering the sample, this edge state electron
can reach contact 3 via reflection at contact 2 with probabil-
ity R2 and then transmit to contact 3 with probability T3. Thus
the transmission probability for a spin-up edge electron from
contact 1 to 3 is T1R2T3. This is one among the infinite num-
ber of paths possible. For example, it can also reach contact
3 by taking second path after reflecting at contacts 3,4,1,2
and then finally transmitting into contact 3 with transmission
probability T1T3R1R22R3R4. Thus, summing all paths from con-
tact 1 to 3, we get the net transmission probability for the spin
up edge state- T ↑↑31 = T1R2T3/(1−R1R2R3R4). However, by
taking recourse to scattering amplitudes instead of probabil-
ities we get the transmission amplitude from contact 1 to 3
as t↑↑31 =−t1r2t3ei(φ−φ4)/(1− r1r2r3r4eiφ), where ti and ri are
the transmission and reflection amplitudes at contact i with
φi being the phase acquired by the electron at contact i and
φ = ∑i φi. This scattering amplitude will lead to the transmis-
sion probability from contact 1 to 3 for spin up edge state-
T ↑↑31 = |t↑↑31 |2 = T1R2T3/(1+R1R2R3R4−2
√
R1R2R3R4 cosφ).
This is different to what was derived earlier for T ↑↑31 . Simi-
larly, rest of the transmission probabilities can be calculated by
considering transmission probabilities or via following scatter-
ing amplitudes, and these too will be different for each case.
Thus, when an infinite number of paths exist from one con-
tact to another then a difference between the average resis-
tances derived from scattering amplitudes 〈RAmpX 〉 (wherein
X =H,L,2T,NL denotes Hall, Longitudinal, Two-terminal and
Non-local) and resistances derived from probabilities RX , i.e.,
〈RAmpX 〉 6= RX is seen. This situation changes, if however
at least one of the contacts is not disordered, see Fig. 2(b)
(wherein contact 4 is not disordered), in this case there are
a finite number of paths from one contact to another. This
can be seen as follows: in Fig. 2(b), a spin up edge state
from contact 1 can reach contact 3 by following only one
path via reflection at contact 2 with probability T ↑↑31 = T1R2T3.
There is no second path to reach contact 3, since contact 4
is not disordered, this edge state can not reflect from con-
tact 4. Further, the scattering amplitude from contact 1 to 3 is
t↑↑31 =−t1r2t3ei(φ−φ4), which gives the transmission probability
T ↑↑31 = |t↑↑31 |2 = T1R2T3. Thus the calculation using scattering
probabilities and that with scattering amplitudes yield identical
results for the case when less than N contacts are disordered.
This results in 〈RAmpX 〉 = RX for the case when less than N
contacts are disordered and thus quantum localization correc-
tion vanishes. Similar, to what is described here for QSH sys-
tem, was also shown recently for quantum Hall (QH) system in
Ref. [9]. This is the main motivation of our work, can we see
a similar quantum localization correction for QSH samples?
Since QSH edge modes are helical (spin polarized) rather than
chiral (spin unpolarized) as in QH sample, it will be interesting
to see the effect of spin polarized and helical edge modes on
the quantum localization correction. Further, to compare the
characteristics of this quantum localization correction in vari-
ous resistances for both QH and QSH systems is another mo-
tivation of this paper. We elaborate on this in sections III, IV
and V for four, six and N-terminal QSH samples respectively.
The topic of research undertaken in this paper is both timely
as well as novel. Since understanding why in quantum spin
Hall experiments the robust quantized conductance is absent
is a hotly debated topic of research. Reasons for the less than
robust quantization of spin Hall conduction have ranged from
magnetic impurities to inelastic scattering as well as to hyper-
fine interaction which will break time reversal symmetry and
therefore induce backscattering of edge modes[10]. In this
manuscript, we show that even when either there is no inelas-
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Figure 3. (a) 4-terminal, (b) 6-terminal and (c) N-terminal QSH sample with all disordered contacts.
tic scattering or in absence of magnetic impurities or even for
no hyperfine interaction[11] there still can be loss in quantized
conductance which we call a quantum localization correction
due to disordered contacts alone. Further all the proposals to
explain the loss of quantization of helical conduction in quan-
tum spin Hall samples rely on some kind of inelastic scattering
which is dealt with via many body interactions. Our paper is
novel in that we via a single particle theory explain the loss of
quantized conduction which we dub the quantum localization
correction to helical edge transport.
The organization of this paper is as follows: in section III, we
deal with a 4-terminal QSH sample with all disordered con-
tacts and derive an expression for the quantum localization
correction, while in sections IV and V we discuss the six and N-
terminal QSH samples. Next in section VI, we study the impact
of inelastic scattering on this quantum localization correction.
We conclude with a table summarizing the main results of our
paper and compare it with results derived in Ref. [9].
III. FOUR TERMINAL SYSTEM WITH ALL DISORDERED
CONTACTS
A 4-terminal QSH sample is shown in Fig. 3(a) with all disor-
dered contacts. The strength of disorder at contact i is de-
fined by Di and it is related to the reflection (Ri) and trans-
mission probabilities (Ti) of an edge state at contact i by the
relation Di = Ri = 1− Ti. Contacts 1, 3 are current probes
while contacts 2, 4 are voltage probes, such that I2 = I4 = 0.
For calculating the current at each of these contacts, we need
to derive the edge state transmission probability Tσσ
′
i j between
these contacts. Since all contacts are disordered, we need to
consider the scattering amplitudes to calculate the transmis-
sion probabilities Tσσ
′
i j , from Eq. (1). First we write down the
scattering matrix S j at each contact j separately relating in-
coming edge modes (a↑j ,a
↓
j ,a
′↑
j ,a
′↓
j ) to outgoing edge modes
(b↑j ,b
↓
j ,b
′↑
j ,b
′↓
j ) at that particular contact j and then deduce the
full scattering matrix S of the system out of the contact scat-
tering matrices S j, see Ref. [18]. The scattering matrix S j is
3
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defined as follows
S j =

r je
iφr,↑j 0 t je
iφt,↑j 0
0 r je
iφr,↓j 0 t je
iφt,↓j
t je
iφt,↑j 0 r je
iφr,↑j 0
0 t je
iφt,↓j 0 r je
iφr,↓j
 , (2)
where r j and t j are the reflection and transmission amplitudes
respectively at contact j, φr,σj and φ
t,σ
j are the reflection and
transmission phase acquired by the spin σ(=↑ / ↓) edge elec-
tron via scattering at the disordered contact j. Unitarity of the
scattering matrix S j dictates S
†
jS j = S jS
†
j = I, which implies-
φr,σj = φ
t,σ
j − pi2 = φ j, (dropping the spin index σ from the phase
as disorder is spin independent). Thus the scattering matrix S j
reduces to
S j =

r jeiφ j 0 it jeiφ j 0
0 r jeiφ j 0 it jeiφ j
it jeiφ j 0 r jeiφ j 0
0 it jeiφ j 0 r jeiφ j
 . (3)
Each element of the full scattering matrix S can be calcu-
lated from these S j matrices in the following manner: an elec-
tron in a1 edge state can scatter into b1 edge state directly
with amplitude r1eiφ1 , but then, it can also follow a differ-
ent path via scattering at contacts 2,3,4 and reach b1 edge
state with amplitude: it1eiφ1×r2eiφ2×r3eiφ3×r4eiφ4× it1eiφ1 =
−t21 r2r3r4ei(2φ1+φ2+φ3+φ4), and a third path with amplitude:
−t21 r1(r2r3r4)2ei(3φ1+2φ2+2φ3+2φ4) and so on. Summing over
all these paths we get (1,1)th element s↑↑11 of full scatter-
ing matrix S of the system, which is (r1− r2r3r4eiφ)eiφ1/(1−
r1r2r3r4eiφ), with φ = φ1+φ2+φ3+φ4. Similarly, rest of the
elements of the S matrix can be derived. The scattering matrix
for 4-terminal QSH sample in Fig. 3(a) is thus:
S =
1
a

(r1−r2r3r4eiφ)eiφ1 0 −t1t2r3r4eiφ 0 −t1t3r4ei(φ−φ2) 0 −t1t4ei(φ1+φ4) 0
0 (r1−r2r3r4eiφ)eiφ1 0 −t1t2ei(φ1+φ2) 0 −t1t3r2ei(φ−φ4) 0 −t1t4r2r3eiφ
−t1t2ei(φ1+φ2) 0 (r2−r1r3r4eiφ)eiφ2 0 −t2t3r1r4eiφ 0 −t2t4r1ei(φ−φ3) 0
0 −t1t2r3r4eiφ 0 (r2−r1r3r4eiφ)eiφ2 0 −t2t3ei(φ2+φ3) 0 −t2t4r3ei(φ−φ1)
−t1t3r2ei(φ−φ4) 0 −t2t3ei(φ2+φ3) 0 (r3−r1r2r4eiφ)eiφ3 0 −t3t4r1r2eiφ 0
0 −t1t3r4ei(φ−φ2) 0 −t2t3r1r4eiφ 0 (r3−r1r2r4eiφ)eiφ3 0 −t3t4ei(φ3+φ4)
−t1t4r3r2eiφ 0 −t2t4r3ei(φ−φ1) 0 −t3t4ei(φ3+φ4) 0 (r4−r1r2r3eiφ)eiφ4 0
0 −t1t4ei(φ1+φ4) 0 −t2t4r1ei(φ−φ3) 0 −t3t4r1r2eiφ 0 (r4−r1r2r3eiφ)eiφ4

,
(4)
where a = 1 − r1r2r3r4eiφ. This full scattering ma-
trix S relates the incoming edge modes to the out-
going edge modes (see, Fig. 3(a)) of the sys-
tem via the relation (b↑1,b
↓
1,b
↑
2,b
↓
2,b
↑
3,b
↓
3,b
↑
4,b
↓
4)
T =
S(a↑1,a
↓
1,a
↑
2,a
↓
2,a
↑
3,a
↓
3,a
↑
4,a
↓
4)
T . Current conservation is
guaranteed by the unitarity of the scattering matrix S . The
conductance matrix G of the system deduced from the full
scattering matrix S , following from Eq. (1), is
G=
e2
h
1
a′
 2(1−R2R3R4)T1 −T1T2(R3R4+1) −T1T3(R2+R4) −T1T4(1+R2R3)−T1T2(1+R3R4) 2(1−R1R3R4)T2 −T2T3(R1R4+1) −T2T4(R1+R3)−T1T3(R2+R4) −T2T3(1+R1R4) 2(1−R1R2R4)T3 −T3T4(R1R2+1)
−T1T4(1+R3R2) −T2T4(R1+R3) −T3T4(1+R1R2) 2(1−R1R2R3)T4
 ,
(5)
where a′ = (1+R1R2R3R4− 2
√
R1R2R3R4 cosφ). Conduc-
tance matrix G connects currents and voltages at each contact
via the relation (I1, I2, I3, I4)T = G(V1,V2,V3,V4)T . Since cur-
rents through voltage probes 2 and 4 are zero, so I2 = I4 = 0,
and choosing reference potential V3 = 0 we get voltages V2
andV4 in terms ofV1. Hall resistance R
Amp
H = R13,24 =
(V2−V4)
I1
,
2-terminal resistance is RAmp2T = R13,13 =
(V1−V3)
I1
, and non-
local resistance is RAmpNL = R12,43 =
(V4−V3)
I1
(to calculate the
non-local resistance contacts 1,2 are used as current probes
while contacts 3,4 as voltage probes). Here, we consider
D1 = D2 = Du, and D3 = D4 = Dl for Hall resistance since
for equally disordered contacts it vanishes. For 2-terminal and
non-local, we consider Du = Dl = D. Thus,
RAmpH =
h
2e2
(Dl−Du)2(1+D2lD2u−2DlDu cosφ)
(4(1+Dl)(1+Du)(−1+DlDu)2(1+DlDu)) ,
RAmp2T =
h
2e2
(1+D4−2D2 cosφ)
(1−D2)2 ,
and RAmpNL =
h
2e2
(1+D4−2D2 cosφ)
(1+D2)(1+D)2
. (6)
The mean Hall, 2-terminal and non-local resistances obtained
by averaging over the phase ′φ′ acquired by the electronic
edge modes due to multiple scattering at disordered contacts
is thus-
〈RAmpH 〉=
h
2e2
((Dl−Du)2(1+D2lD2u))
(4(1+Dl)(1+Du)(−1+DlDu)2(1+DlDu)) ,
〈RAmp2T 〉=
h
2e2
(1+D4)
(1−D2)2 ,
〈RAmpNL 〉=
h
2e2
(1+D4)
(1+D2)(1+D)2
. (7)
One observes that the mean Hall, 2-terminal and non-local re-
sistances lose their quantization due to disordered contacts.
To calculate the quantum localization correction, we need
to calculate the resistances using probabilities ignoring the
4
IV SIX TERMINAL QSH SYSTEM WITH ALL DISORDERED CONTACTS
phases acquired by edge modes at disordered contacts. The
conductance matrix G is then
G=
2e2
h
1
a′′
(1−R2R3R4)T1 −T1T2R3R4 −T1T3T4 −T1T4−T1T2 (1−R1R3R4)T2 −T2T3R1R4 −T2T4R1−T1T3R2 −T2T3 (1−R1R2R4)T3 −T3T4R1R2
−T1T4R3R2 −T2T4R3 −T3T4 (1−R1R2R3)T4
 ,
(8)
where a′′ = (1−R1R2R3R4). As before, the current through
voltage probes 2,4 is zero, and the reference potential V3 = 0.
Thus, the potentials V2 and V4 are derived in terms of V1. The
Hall resistance RH , 2-terminal resistance R2T , and nonlocal
resistance RNL calculated via probabilities are then-
RH =
h
e2
(Du−Dl)2
4(1+Dl)(1+Du)(1−DlDu) , R2T =
h
e2
1+D2
1−D2 ,
and RNL =
h
e2
1−D
1+D
. (9)
The quantum localization correction is defined as the differ-
ence in the resistances calculated from amplitudes and that
from probabilities, is then RQLX = 〈RAmpX 〉 − RX , with X =
H,2T,NL-
RQLH =
h
2e2
D2lD
2
u(Dl−Du)2
2(1+Dl)(1+Du)(1−D2lD2u)
,
RQL2T =
h
2e2
2D4
(1−D2)2 , R
QL
NL =
h
2e2
D4
2(1+D)2(1+D2)
.(10)
It should be noted here, if Du = Dl , then the quantum local-
ization correction in case of Hall resistances RQLH vanishes
for equally disordered contacts. However, quantum localiza-
tion correction does not vanish for 2-terminal and non-local
resistances for equally disordered contacts. For 2-terminal
and non-local resistances the quantum localization correction
increases as disorder increases. Here, we also see from
Eq. (10) that if at least one of the contacts is not disordered,
i.e., Di = 0 for either contacts i= 1 or 2 or 3 or 4 then quantum
localization correction vanishes for 2-terminal and non-local re-
sistances too (the factor D4 in the numerator in the expression
of 2-terminal and non-local resistances of Eq. (10) comes from
the product of D1, D2, D3 and D4, i.e., D4=D1D2D3D4, when
all contacts are equally disordered). Thus the 2-terminal and
non-local resistances calculated via probabilities and via am-
plitudes are identical for the case when one contact is not dis-
ordered. This condition holds for any number of contacts as
shown in the following sections.
IV. SIX TERMINAL QSH SYSTEM WITH ALL DISORDERED
CONTACTS
Fig. 3(b) shows a 6-terminal QSH sample with all disordered
contacts. Contacts 1,4 are used as current probes while
2,3,5,6 are used as voltage probes, such that current through
these contacts is zero, i.e., I2 = I3 = I5 = I6 = 0. The scatter-
ing matrix of the system shown in Fig. 3(b) is
S =
1
b

(r−r5eiφ)eiφ1 0 −t2r4eiφ 0 −t2r3eiφ34561 0 −t2r2eiφ4561 0 −t2reiφ561 0 −t2eiφ61 0
0 (r−r5eiφ)eiφ1 0 −t2eiφ12 0 −t2reiφ123 0 −t2r2eiφ1234 0 −t2r3eiφ12345 0 −t2r4eiφ
−t2r2eiφ12 0 (r−r5eiφ)eiφ2 0 −t2r4eiφ 0 −t2r3eiφ45612 0 −t2r2eiφ5612 0 −t2reiφ612 0
0 −t2r4eiφ 0 (r−r5eiφ)eiφ2 0 −t2eiφ23 0 −t2reiφ234 0 −t2r2eiφ2345 0 −t2r3eiφ23456
−t2reiφ123 0 −t2eiφ23 0 (r−r5eiφ)eiφ3 0 −t2r4eiφ 0 −t2r3eiφ56123 0 −t2r2eiφ6123 0
0 −t2r3eiφ34561 0 −t2r4eiφ 0 (r−r5eiφ)eiφ3 0 −t2eiφ34 0 −t2reiφ345 0 −t2r2eiφ3456
−t2r2eiφ1234 0 −t2reiφ234 0 −t2eiφ34 0 (r−r5eiφ)eiφ4 0 −t2r4eiφ 0 −t2r3eiφ61234 0
0 −t2r2eiφ4561 0 −t2r3eiφ45612 0 −t2r4eiφ 0 (r−r5eiφ)eiφ4 0 −t2eiφ45 0 −t2reiφ456
−t2r3eiφ12345 0 −t2r2eiφ2345 0 −t2reiφ345 0 −t2eiφ45 0 (r−r5eiφ)eiφ5 0 −t2r4eiφ 0
0 −t2eiφ561 0 −t2r2eiφ5612 0 −t2r3eiφ56123 0 −t2r4eiφ 0 (r−r5eiφ)eiφ5 0 −t2eiφ56
−t2r4eiφ 0 −t2r3eiφ23456 0 −t2r2eiφ3456 0 −t2reiφ456 0 −t2eiφ56 0 (r−r5eiφ)eiφ6 0
0 −t2eiφ16 0 −t2reiφ612 0 −t2r2eiφ6123 0 −t2r3eiφ61234 0 −t2r4eiφ 0 (r−r5eiφ)eiφ6

,
(11)
where b = 1 − r6eiφ with φi j..m = φi + φ j + .. + φm. For
simplicity, we consider all contacts to be equally disor-
dered. r and t denote reflection and transmission ampli-
tudes at contact i. Scattering matrix S of the 6-terminal
QSH sample relates the incoming spin-polarized edge states
to the outgoing states (see, Fig. 3(b)) of the system
via the relation: (b↑1,b
↓
1,b
↑
2,b
↓
2,b
↑
3,b
↓
3,b
↑
4,b
↓
4,b
↑
5,b
↓
5,b
↑
6,b
↓
6)
T =
S(a↑1,a
↓
1,a
↑
2,a
↓
2,a
↑
3,a
↓
3,a
↑
4,a
↓
4,a
↑
5,a
↓
5,a
↑
6,a
↓
6)
T . The conduc-
tance matrix G of the sample deduced from scattering matrix
S of Eq. (11), and using Eq. (1), is
G=
2e2
h
1
b′

2(1−R5)T −T 2R4 −T 2R3 −T 2R2 −T 2R −T 2
−T 2 2(1−R5)T −T 2R4 −T 2R3 −T 2R2 −T 2R
−T 2R −T 2 2(1−R5)T −T 2R4 −T 2R3 −T 2R2
−T 2R2 −T 2R −T 2 2(1−R5)T −T 2R4 −T 2R3
−−T 2R3 −T 2R2 −T 2R −T 2 2(1−R5)T −T 2R4
−T 2R4 −T 2R3 −T 2R2 −T 2R −T 2 2(1−R5)T
 ,
(12)
where b′ = (1+R6− 2R3 cosφ). Since current through volt-
age probes 2,3,5 and 6 is zero, so I2 = I3 = I5 = I6 = 0,
and choosing reference potential V4 = 0 we get potentials
V2, V3, V5 and V6 in terms of V1. Thus, the Hall resis-
tance RAmpH = R14,26 =
(V2−V6)
I1
, 2-terminal resistance RAmp2T =
R14,14 =
(V1−V4)
I1
, longitudinal resistance RAmpL = R14,23 =
5
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(V2−V3)
I1
, and non-local resistance RAmpNL = R12,54 =
(V5−V4)
I1
(to
calculate non-local resistance, as before, contacts 1,2 are
used as current probes while contacts 3,4,5,6 are voltage
probes) are-
RAmpH =
h
e2
(Du−Dl)∗F,
= 0 (when Dl = Du),
RAmp2T =
h
e2
(3−D(2−3D))(1+D6−2D3 cosφ)
2(1−D2)2(1+D2+D4) ,
RAmpL =
h
e2
(1+D6−2D3 cosφ)
2(1+D)2(1+D2+D4)
,
RAmpNL =
h
e2
(1+D6−2D3 cosφ)
6(1+D)2(1+D2+D4)
,
where,
F =
(1+Dl(2−Du)−2Du)(1+D3lD3u−2
√
D3lD
3
u cosφ)
6(1+Dl)(1+Du)(1−DlDu)2(1+DlDu(1+DlDu)) .
(13)
All contacts are considered to be equally disordered, i.e., Di =
D (for i= 1−6). To calculate the Hall resistance only we have
considered D1 = D2 = D3 = Du and D4 = D5 = D6 = Dl ,
otherwise for equally disordered contacts the Hall resistance
is always zero. After averaging over phase shift φ we get,
〈RAmpH 〉=
h
e2
(Du−Dl)∗F ′,
= 0, (when Dl = Du),
〈RAmp2T 〉=
h
e2
(3−D(2−3D))(1+D6)
2(1−D2)2(1+D2+D4) ,
〈RAmpL 〉= 3〈RAmpNL 〉=
h
e2
(1+D6)
2(1+D)2(1+D2+D4)
,
where,
F ′ =
(1+Dl(2−Du)−2Du)(1+D3lD3u)
6(1+Dl)(1+Du)(1−DlDu)2(1+DlDu(1+DlDu)) .
(14)
The quantum localization correction is the difference between
the resistances calculated using probabilities, i.e., neglecting
the phase acquired by the edge electrons and the resistance
determined from scattering amplitudes, Eq. (13). The conduc-
tance matrix G derived from scattering probabilities is-
G=
2e2
h
1
b′′

2(1−R5)T −T 2R4 −T 2R3 −T 2R2 −T 2R −T 2
−T 2 2(1−R5)T −T 2R4 −T 2R3 −T 2R2 −T 2R
−T 2R −T 2 2(1−R5)T −T 2R4 −T 2R3 −T 2R2
−T 2R2 −T 2R −T 2 2(1−R5)T −T 2R4 −T 2R3
−−T 2R3 −T 2R2 −T 2R −T 2 2(1−R5)T −T 2R4
−T 2R4 −T 2R3 −T 2R2 −T 2R −T 2 2(1−R5)T
 ,
(15)
where b′′ = (1− R6). As before, current through voltage
probes 2,3,5,6 is zero, and choosing reference potential V4 =
0 we get potentials V2 and V4 in terms of V1. Thus, Hall resis-
tance RH , 2-terminal resistance R2T , longitudinal resistance
RL, and non-local resistance RNL calculated via probabilities
are then-
RH =
(Du−Dl)(1+2Du−Dl(2+Du))
6(1+Dl)(1+Du)(1−DlDu) ,
= 0, when Du = Dl ,
R2T =
h
2e2
(3−D(2−3D))
2(1−D2) ,
and RL = 3RNL =
h
2e2
(1−D)
2(1+D)
. (16)
The quantum localization corrections to the above calculated
Hall, longitudinal, 2-terminal and non-local resistances in the
6-terminal QSH sample thus are RQLX = 〈RAmpX 〉−RX , with X =
H,2T,NL,L-
RQLH =
(Du−Dl)(1−DlDu+2D4lD3u−2D3lD4u)
3(1+Dl)(1+Du)(1−DlDu)2(1+DlDu+D2lD2u)
= 0, when Du = Dl ,
RQL2T =
h
2e2
D6(3−2D+3D2)
(1−D2)2(1+D2+D4) ,
and RQLL = 3R
QL
NL =
h
2e2
D6
(1+D)2(1+D2+D4)
.
(17)
From Eq. (17) we see that the quantum localization correction
for Hall resistance in a six terminal QSH sample can be posi-
tive as well as negative depending on the strength of disorder
at different contacts while for four terminal QSH sample it is
always positive, see Eq. (10). This negative correction term
does not imply anti-localization of the helical electrons, rather
it comes from the fact that the Hall resistance for QSH sample
itself can be negative. However, the absolute value of resis-
tances calculated via amplitudes is always greater than the
absolute value of the resistances derived via probabilities, i.e.,
|〈RAmpH 〉| > |RH |. This negative quantum localization correc-
tion for Hall resistance is unique to QSH samples only and not
present for QH samples, see Ref. [9]. From Eq. (17) it can also
be noted that for equally disordered contacts the quantum lo-
calization correction for Hall resistance vanishes for QSH sam-
ples while for QH samples it is finite, see Ref. [9]. The quantum
localization correction to the 2-terminal, longitudinal and non-
local resistances increases with increasing disorder while the
same for Hall resistance increases with the increase of the dif-
ference between the disorderedness of upper (Du) and lower
(Dl) contacts.
V. N TERMINAL SYSTEM WITH ALL CONTACTS DISORDERED
An N-terminal QSH sample is shown in Fig. 3(c) with all con-
tacts equally disordered, i.e., D1 = D2 = ... = DN = D. Con-
tacts 1 and k are current probes and contacts 2,3, ...k−1,k+
1, ...N are voltage probes, thus current through these contacts,
i.e., I2 = I3 = ....= Ik−1 = Ik+1 = ....= IN = 0. The scattering
matrix for the N-terminal QSH sample in Fig. 3(c) is
6
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(a) (b)
Q
L
(c)
Figure 4. Hall resistance in units of he2 calculated (a) via scattering amplitudes and (b) via probabilities for a N terminal QSH sample with lower
edge contacts disordered with strength Dl and upper edge contacts disordered with strength Du, (c) the quantum localization correction to the
Hall resistance.
(a) (b)
Q
L
(c)
Figure 5. Longitudinal resistance in units of he2 calculated (a) via scattering amplitudes, and (b) via probabilities for an N-terminal QSH sample
with all contacts equally disordered, and (c) the quantum localization correction to the longitudinal resistance.
(a) (b)
Q
L
(c)
Figure 6. 2-terminal resistance in units of he2 calculated (a) via scattering amplitudes, (b) via probabilities for a N-terminal QSH sample with all
contacts equally disordered, and (c) the quantum localization correction to the 2T resistance.
(a) (b)
Q
L
(c)
Figure 7. Non-local resistance in units of he2 calculated (a) via scattering amplitudes, (b) via probabilities for a N-terminal QSH sample with all
contacts equally disordered, and (c) the quantum localization correction to the non-local resistance.
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S=
1
c

(r−rN−1eφ)eφ1 0 ... −t2rN−keiφk(k+1)..1 0 ... −t2eiφN1 0
0 (r−rN−1eφ)eφ1 ... 0 −t2rk−2eiφ12..k ... 0 −t2rN−2eiφ12..N
. . ... . . ... . .
. . ... . . ... . .
−t2rk−2eiφ12..k 0 ... (r−rN−1eφ)eφk 0 ... −t2rk−1eiφN12..k 0
0 −t2rN−keiφk(k+1)..1 ... 0 (r−rN−1eφ)eφk ... 0 −t2rN−k−1eiφk(k+1)..N
. . ... . . ... . .
. . ... . . ... . .
−t2rN−2eiφ12..N 0 ... −t2rN−k−1eiφk(k+1)..N 0 ... (r−rN−1eφ)eφN 0
0 −t2eiφN1 ... 0 −t2rk−1eiφN12..k ... 0 (r−rN−1eφ)eφN

, (18)
where c= 1− rNeiφ and φi j..k = φi+φ j+ ..+φk. The scatter-
ing matrix connects the incoming edge states to the outgoing
edge states via the relation (b↑1,b
↓
1, ...,b
↑
k ,b
↓
k , ...,b
↑
N ,b
↓
N)
T =
S(a↑1,a
↓
1, ...,a
↑
k ,a
↓
k , ...,a
↑
N ,a
↓
N). The conductance matrix G of
the N-terminal QSH sample derived from the scattering matrix
S , following Eq. (1), is thus-
G=
1
c′

2T (1−RN−1) ... −T 2(RN−k+Rk−2) ... −T 2(1+RN−2)
. ... . ... .
. ... . ... .
−T 2(Rk−2+RN−k) ... 2T (1−RN−1) ... −T 2(Rk−1+RN−k−1)
. ... . ... .
. ... . ... .
−T 2(RN−2+1) ... −T 2(RN−k−1+Rk−1) ... 2T (1−RN−1)
 ,
(19)
where c′ = 1+RN−2RN/2 cosφ. Since currents through volt-
age probes 2,3, ...,k− 1,k+ 1, ...,N is zero, so I2 = I3 =
... = Ik−1 = Ik+1 = IN = 0, and choosing reference poten-
tial Vk = 0 we get potentials V2, V3, Vk−1, Vk+1 and VN in
terms of V1. So, Hall resistance R
Amp
H = R1k,2N =
(V2−VN)
I1
, 2-
terminal resistance RAmp2T = R1k,1k =
(V1−Vk)
I1
, longitudinal re-
sistance RAmpL = R1k,23 =
(V2−V3)
I1
and non-local resistance
RAmpNL = R12,(k+1)k =
(Vk+1−Vk)
I1
. To calculate non-local resis-
tance we consider contacts 1,2 as current probes and con-
tacts 3,4, ..,k− 1,k,k+ 1, ...,N as voltage probe. As the ex-
pressions for these resistances are large, we analyze them
via plots, see Figs. (4-7). The average resistances for N-
terminal case are found by averaging over the phases. Thus
〈RAmpX 〉 = 12pi
∫ 2pi
0 RXdφ. To calculate the quantum localization
correction, we need to calculate the conductance using proba-
bilities ignoring the phase acquired by the edge electrons. The
conductance matrix G derived via transmission probabilities is
then
G=
1
c′′

2T (1−RN−1) ... −T 2(RN−k+Rk−2) ... −T 2(1+RN−2)
. ... . ... .
. ... . ... .
−T 2(Rk−2+RN−k) ... 2T (1−RN−1) ... −T 2(Rk−1+RN−k−1)
. ... . ... .
. ... . ... .
−T 2(RN−2+1) ... −T 2(RN−k−1+Rk−1) ... 2T (1−RN−1)
 ,
(20)
where c′′ = (1−RN). Setting the current, as before, through
voltage probes 2,3, ...,k− 1,k+ 1, ...,N to zero, and choos-
ing reference potential Vk = 0 we get potentials V2, V3, Vk−1,
Vk+1 and VN in terms of V1. Similarly, we need to calculate the
Hall resistance RH , 2-terminal resistance R2T , and nonlocal
resistance RNL via probabilities from the conductance matrix
as in Eq. (20). As these expressions are large, we analyze
them in Figs. (4-7). The quantum localization correction, as
defined before, is RQLX = 〈RAmpX 〉−RX with X = H,2T,L,NL.
One can get a closed form expression for a general N(with
N =even)-terminal system as well by looking at the 6,8,10...
terminal resistances. This is written below for the quantum lo-
calization correction, resistance derived via probabilities and
that derived from amplitudes in case of longitudinal and non-
local resistances-
RAmpL =
N
2
RAmpNL =
h
2e2
1+DN−2DN/2 cosφ
(1+D)22(1+D2+D4+ ...+DN−2)
,
〈RAmpL 〉=
N
2
〈RAmpNL 〉=
h
2e2
1+DN
(1+D)22(1+D2+D4+ ...+DN−2)
,
RL =
N
2
RNL =
h
2e2
(1−D)
2(1+D)
,
RQLL =
N
2
RQLNL =
h
2e2
DN
(1+D)2(1+D2+D4+ ...+DN−2)
. (21)
For simplicity, we consider in Eq. (21) all contacts to be equally
disordered. No closed form expression can be systematically
deduced for Hall and 2-terminal cases as there is no unifor-
mity in going from 6, 8, 10 terminal and likewise cases. In
Figs. (4-7) we analyze the quantum localization correction for
various resistances. In Figs. 4(a,b), we see that Hall resis-
tance for QSH case can be either negative or positive depend-
ing on disorder strength at upper edge (Du) and lower edge
(Dl) contacts. If Du = Dl , then Hall resistance is zero in case
of calculation using scattering amplitudes or probabilities. In
Fig. 4(c) we see that the quantum localization correction to the
Hall resistance can also be negative, which again does not
imply that it leads to anti-localization. The Hall resistance for
QSH itself can be negative, and that leads to a negative local-
ization correction term, although |〈RAmpH 〉| > |RH |. The longi-
tudinal resistance is almost constant as function of the num-
ber of contacts. However, the stronger the disorderedness of
contacts the lower the longitudinal resistance. In Fig. 5(c), we
see that the quantum localization correction decreases with in-
crease in number of contacts unlike in quantum Hall samples
where it is always zero, see Ref. [9]. In Fig. 6(a,b) we see that
the 2-terminal resistance for QSH case increases with number
of contacts (unlike the QH case), which implies the 2-terminal
resistance increases as a function of the length of the sam-
ple. This is similar to what is observed for Ohmic behavior.
In Fig. 6(c) we see that the quantum localization correction is
very small for D< 1/2, only for D> 1/2 it becomes substan-
tial. In Figs. 4-7 we see that for large number of terminals
the quantum localization correction disappears. Quantum lo-
calization correction is substantial only for strong disorder and
few terminals.
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Figure 8. 6 terminal QSH bar with all disordered contacts and inelastic
scattering.
VI. EFFECT OF INELASTIC SCATTERING ON QUANTUM
LOCALIZATION CORRECTION
A 6-terminal QSH sample with all disordered contacts and with
inelastic scattering is shown in Fig. 8. When the length be-
tween the disordered contacts is larger than the phase coher-
ence length for electronic edge modes, inelastic scattering oc-
curs. In presence of inelastic scattering spin up edge electrons
coming out of contact 1 equilibrate with other spin up and down
electrons at equilibrating potential V ′1 and lose their phase ac-
quired via scattering at the contacts via equilibration of their
energy. Similarly spin down electrons coming out of contact 1
lose their phase at equilibrating potentialV ′6 via equilibration of
their energies with other spin up and down electrons. Thus,
there is no possibility for an electron in a edge state to get
back to the same contact after emerging out of it at that en-
ergy and with an unique phase. Thus, there is no difference
between resistances calculated via probabilities and that via
amplitudes. This implies absence of quantum localization cor-
rection in presence of inelastic scattering. Using probabilities
the resistances have already been derived, see Refs. [16, 17],
as-
RH = 0, R2T =
h
e2
(3−D)
(1−D2) RL = 3RNL =
h
e2
1
(1+D)
,
(22)
with RX = 〈RAmpX 〉, X = H,L,2T,NL. Here, we have only con-
centrated on the six terminal QSH system, as in 4- and N-
terminal QSH sample we obtain exactly similar results wherein
inelastic scattering completely kills the quantum localization
correction.
Table1: Comparison of the quantum localization correction in
6-terminal QH [9] and QSH sample with equally disordered
contacts
Quantum Hall Quantum spin Hall
RQLH
h
2e2
2D6
1−D6 0
RQLL 0
h
2e2
D6
(1+D)2(1+D2+D4)
RQL2T
h
2e2
2D6(1+D)
(1−D)(1−D6)
h
2e2
D6(3−2D+3D2)
(1−D2)2(1+D2+D4)
RQLNL 0
h
2e2
D6
3(1+D)2(1+D2+D4)
VII. CONCLUSION
We see that resistances are affected by the quantum local-
ization correction but only when all contacts are disordered.
The quantum localization correction for the resistances for both
QH (see Ref. [9]) and QSH six terminal samples are summa-
rized and compared in Table 1. From Table 1, we see that
for equally disordered contacts in QH sample only 2-terminal
and Hall resistances are affected by the quantum localization
correction, while in QSH sample the 2-terminal, longitudinal
and non-local resistances are affected by the same correction.
Quantum localization correction term arises in a QSH or QH
sample due to multiple paths available edge mode electrons
due to the fact that all contacts are disordered as explained in
section II. However, summing the multiple paths available for
helical edge modes in QSH samples and chiral edge modes
in QH sample leads to a difference in the quantum localization
correction. A remark on the table- the vanishing quantum lo-
calization correction doesn’t mean 〈RAmpL,NL〉 = RL,NL for a QH
sample or 〈RAmpH 〉= RH for a QSH sample but rather because
〈RAmpL,NL〉 = RL,NL = 0 for QH sample and same for Hall resis-
tance in QSH sample. This suggests that the quantum local-
ization correction term is finite only when resistances calcu-
lated via scattering amplitudes or probabilities are themselves
finite.
In QSH samples we even see a negative localization correc-
tion, which is not due to the anti localization of the states, but
rather due to the fact that the Hall resistance in a QSH sys-
tem can itself turn negative. In presence of inelastic scattering
this quantum localization term vanishes for both QH and QSH
cases. In this letter, we have assumed disorder only at the
contacts, there is no disorder within the sample. Generally,
edge modes in QH/QSH samples suffer some amount of scat-
tering at contacts. The presence of disorder within the sample
wont affect the results of our letter, since it is well known that
QH and QSH edge modes are robust to sample disorder. Dis-
order at contacts works as a barrier to edge mode transport,
edge modes can partially transmit into the contacts through
the barrier with probability T or can be partially reflected with
probability R. In case one has completely clean contacts, one
can design sample contacts to partially reflect edge modes at
contacts by directly doping non-magnetic impurities or via cre-
ating an electrostatic barrier at the contacts. In Refs. [21, 22],
the authors have studied sample disorder in quantum Hall sys-
tems via doping impurities within the sample. Similarly, impuri-
ties can be doped into contacts in a QSH sample thus realizing
our setups and verifying the quantum localization correction.
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